We develop and test methods that include second and third-order perturbation theory (MP3) using orbitals obtained from regularized orbital-optimized second-order perturbation theory, κ-OOMP2, denoted as MP3:κ-OOMP2. Testing MP3:κ-OOMP2
Single-reference second-order Møller-Plesset perturbation theory (MP2) is among the most popular correlated wavefunction methods in electronic structure theory, in part due to its economical O(N 5 ) scaling, where N is the basis set size.
Equation (1) gives the correlation energy for MP2, where i, j, . . . represent occupied molecular orbitals, a, b, . . . represent virtual molecular orbitals, and ∆ ab ij = ε a + ε b − ε i − ε j is the (non-negative) energy denominator. The resolution-of-identity (RI) technique applied to MP2 has allowed for a much more widespread use due to the reduction of the prefactor in the overall computational cost of the algorithm.
1,2
Orbital-optimized MP2 (OOMP2) methods were developed to improve the performance of MP2 for energies and other properties. [3] [4] [5] For systems where the unrestricted Hartree-Fock (UHF) reference exhibits spin-contamination (artifical spin-symmetry breaking), the use of these reference orbitals can lead to catastrophic performance of MP2. [6] [7] [8] [9] OOMP2 can also be thought of as a relatively inexpensive way to approximate Brückner orbitals.
3 Orbital optimization at the MP2 level often reduces the level of spin-contamination and improves energetics.
3,4,10
Despite the benefits of OOMP2 described above, there are several unsatisfying characteristics of the method that limit its applicability. Orbital optimization at the MP2 level can produce divergent energy contributions due to small energy denominators. This is often observed when stretching bonds and and leads to significant underestimation of harmonic vibrational frequencies. 11 OOMP2 also often fails to continuously transition from spin-restricted (R) to spin-unrestricted (U) solutions even when the U solution is lower in energy. 12 A continuous R to U transition requires a Coulson-Fischer point where the lowest eigenvalue of the R to U stability Hessian becomes zero. 13 Resolution of this issue is necessary to reach the proper dissociation limit for bond-breaking curves.
Our group has attempted to remedy these issues of OOMP2 through use of regularization to prevent divergence of the energy due to small energy denominators. The first of these approaches was to shift the energy denominator by a constant factor, δ, so that ∆
This simple form was able to resolve the two issues with OOMP2 described above.
The regularization parameter, δ, both prevents the energy expression from diverging and damps the correlation energy contribution from MP2, leading the method to more closely resemble the continuous R to U transition seen in the HF reference. Unfortunately, in the case of scaled opposite spin OOMP2 (SOS-OOMP2), Razban et al. 14 found the values of δ that could restore Coulson-Fischer points were very large and consequently led to poor performance on problems that are normally well-treated by MP2.
Recently, two of us 15 developed explored two new classes of orbital energy dependent regularizers for OOMP2, of which the most promising is denoted as κ-OOMP2. In κ-OOMP2, the matrix elements associated with small denominators are damped such that:
Unlike the case of δ-OOMP2, for κ-OOMP2 the unregularized energy expression is recovered for large energy denominators, and in the limit of small energy denominators, the correlation energy contributions are zero. Regularization parameters of κ ≤ 1.5E
h were found to restore Coulson-Fischer points for hydrogen, ethane, ethene, and ethyne bond-breaking curves. κ was trained on the W4-11 set to suggest a value for general application. 16 The result, κ = 
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Inclusion of higher-order terms in the perturbative expansion provides another approach to improve energetics from MP2. Following the recent success of regularized OOMP2 in treating inherent problems in OOMP2, we decided to explore the use of κ-OOMP2 orbitals at the MP3 level. At the same time, we wanted to see if κ regularization in MP3 could improve the overall energetics.
Beginning from κ-OOMP2 would allow this method to avoid energy divergences caused by small energy denominators. 15 In κ-OOMP2, damping of the two-electron integrals leads to the following expression for the t-amplitudes:
Inserting Equation (4) into Equation (3) we arrive at a regularized third-order correlation energy expression, E M P 3 (κ). Our first candidate ansatz involved calculating the κ-OOMP2 energy and applying a scaled single-shot E M P 3 (κ) correction.
As a second, more alternative form, we considered using κ-OOMP2 (with κ = 1.45E
h ) as a method to generate orbitals for use in correlated calculations containing second and third order energies which could then be independently regularized and/or scaled:
The non-Brillouin singles contribution is included at second-order as κ-OOMP2 does not obey the Brillouin theorem. For simplicity (and ease of implementation), we do not include a non-Brillouin singles contribution at third-order.
We trained both energy functionals on the non-multireference (non-MR) subset of the W4-11 thermochemistry data set. 16 We excluded the MR points in the set from the training data because the single reference methods we are investigating should not be able to describe these systems adequately. Reference data were computed using CCSD(T). 48 Both reference and training calculations were performed using the aug-cc-pVTZ (aVTZ) basis set 49-51 and the corresponding RI basis 52,53 without the frozen core approximation. All calculations were performed in a development version of Q-Chem. . The optimal value of c 2 was found to be 1.0 for all κ values plotted. SCF references were generated via κ-OOMP2 orbital optimization. The basis set used was aVTZ. Reference values are calculated at the CCSD(T)/aVTZ level of theory.
Turning to the second form we considered, Figure 2 presents the RMSDs for scans of the κ 3 and c 3 parameters in Equation 6 with c 2 = 1.0 (the optimal value for all κ values plotted).
For this ansatz, we see that the error relative to CCSD(T)/aVTZ is driven down quite dramatically by weakening the regularization (increasing κ). Indeed, perhaps surprisingly, we find that computing energies with unregularized MP2 and scaled unregularized MP3 provides the lowest error. In this case, the optimal c 3 parameter was found to be 0.8 and yields a RMSD of only 1.59 kcal mol −1 , which is close to chemical accuracy. We also observe that increasing the regularization strength decreases the optimal fraction of regularized thirdorder correlation energy. Impressed with the performance on this set, we chose this method, which we denote as MP2.8:κ-OOMP2, as our candidate for further evaluation.
In order to assess the transferability of MP2.8:κ-OOMP2, we tested its performance on a series of benchmarks sets meant to encompass a variety of main group bonded and nonbonded interactions: the non-MR subset of the W4-11 set 16 (the training set), the BH76RC is also an improvement on κ-OOMP2 by a factor of 4. Also remarkably, both third-order methods computed using κ-OOMP2 optimized orbitals outperform CCSD on this data set. MP2.8:κ-OOMP2 improves upon κ-OOMP2 in all but two cases in this set. To evaluate the performance of MP2.8/κ-OOMP2 on kinetics, we tested it on the HTBH38 56 and NHTBH38 57 data sets. The HTBH38 set contains forward and reverse barrier heights for 19 hydrogen transfer reactions. 56 Results for this set are presented in Table 4 Assessment data for the NHTBH38 57 set are presented in Table 5 . The NHTBH38 set To round out the test suite we assessed the performance of MP2.8:κ-OOMP2 on two noncovalent interaction sets: the TA13 and A24 sets. The TA13 set contains 13 nonbonded interaction energies for radical closed-shell complexes. 18 We apply a counterpoise correction to these interaction energies to mitigate basis set superposition error (BSSE). Assessment data for the TA13 set is presented in Table 6 . On this test set we see MP2. Considering all the data presented, let us summarize the main conclusions obtained from this work.
1.
At the MP2 level the choice of orbitals matters considerably, as is well known. In our work, for all 7 data sets considered, orbital optimized MP2 (OO-MP2) yields lower has lower RMSD than MP3 by factors ranging from 1.7 to more than 5 across the 7 datasets reported here. MP3:κ-OOMP2 is thus a far more robust method than MP3
itself, due to the reduced spin-contamination in κ-OOMP2 orbitals relative to HF orbitals. The improved performance granted by the use of κ-OOMP2 optimized orbitals suggests future developments in electronic structure theory. It will be interesting to assess results across additional data sets, and explore the use of larger basis sets. We intend to explore scaled fourth-order perturbation approaches (MP4) and coupled cluster methods with κ-OOMP2 reference orbitals. The latter would be especially interesting in the context of nonvariational failures of CCSD(T). In a different direction, perhaps MP3 should be considered as an independent descriptor of electron correlation in double hybrid density functional theory, where MP2 is at present most widely used.
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